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Abstract. Several results from differential geometry of hyper-surfaces in R" 
are derived to form a tool box for the direct mapping method. The latter 
technique has been widely employed to solve problems with moving interfaces, 
and to study the asymptotics of the induced semiflows. 

1. Introduction 

The analysis of problems with moving interfaces has attracted the attention of 
many researchers in recent years. Some of these problems have their origin in 
mathematical physics, like the Stefan problem, flows of Newtonian fluids, Hele- 
Shaw flows, Mullin-Sekerka problems, while others are motivated by problems in 
differential geometry, like the mean curvature flow, the surface diffusion flow, or the 
Willmore flow, to mention some prominent examples. 

The direct mapping approach to such problems consists in transforming the 
moving hypersurfaccs to a fixed reference surface by means of an unknown time- 
dependent diffcomorphism, which has to be determined as a part of the transformed 
problem. In the context of the Stefan problem this technique has first been intro- 
duced in [5] and is nowadays also called the Hanzawa transform. The advantage 
of this approach is that the theory of evolution equations, in particular the the- 
ory of maximal regularity, is available for the study of the transformed problems. 
This way one obtains a local semiflow which, however, does not live in a Banach 
space as in problems with fixed interfaces, but rather on a manifold which is re- 
lated to the manifold of hypersurfaces. We refer, for instance, to the recent papers 
QH ED H2 by the authors for more details. 

To implement this approach one necessarily has to employ results concerning the 
geometry of hypersurfaces in R n , and one needs to investigate the structure of the 
manifold formed by such hypersurfaces. The main purpose of this paper is to provide 
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a tool box of results that are needed for the study of moving interfaces and that are 
not easily accessible in the literature. While some of the material presented is well- 
known to researchers specialized in differential geometry and geometric analysis, we 
nevertheless believe that the manuscript contains new results and aspects that are 
also of interest to specialists. 

We investigate the differential geometric properties of embedded hypersurfaces in 
n-dimensional Euclidean space, introducing the notion of Weingarten tensor, prin- 
cipal curvatures, mean curvature, tubular neighborhood, surface gradient, surface 
divergence, and Laplace-Beltrami operator. The main emphasis lies in deriving 
representations of these quantities for hypersurfaces T — T p that are given as pa- 
rameterized surfaces in normal direction of a fixed reference surface E by means of 
a height function p. We derive all of the aforementioned geometric quantities for 
T p in terms of p and E. It is also important to study the mapping properties of 
these quantities in dependence of p, and to derive expressions for their variations. 
For instance, we show that 

k'(0) =trL| + A E , 

where k = n(p) denotes the mean curvature of T p , the Weingarten tensor of 
E, and the Laplace-Beltrami operator on E. This is done in Section 3. In 
Section 4 we show, among other things, that C 2 -hypersurfaces can be approximated 
in a suitable topology by smooth (i.e. analytic) hypersurfaces. This leads, in 
particular, to the existence of parameterizations. In Section 5 we show that the 
class of compact embedded hypersurfaces in R" gives rise to a new manifold (whose 
points are the compact embedded hypersufaces) . Finally, we show that the class 
A4 2 (n,r) of all compact embedded hypersurfaces contained in a bounded domain 
n C R n , and satisfying a uniform ball condition with radius r > 0, can be identified 
with a subspace of C 2 (f2). This is important as it allows to derive compactness and 
embedding properties for .M 2 (f2, r). For further background material in differential 
geometry we refer to the standard text books in this area, e.g. to DoCarmo pQ and 
Kiihnel [9]. We also mention [6] for other aspects on moving hypersurfaces. 

2. Review of some basic differential geometry 

We consider a closed embedded hypersurface E of class C k , k > 3, enclosing a 
bounded domain il in R". Thus for each point p € E there is a ball B r (p) C R n 
and a diffemorphism $ : B r (p) — > U C R" such that $(p) = G U and 

<f>-\U n (R™- 1 x {0})) = B r {p) n E. 

We may assume that E is connected; otherwise we would concentrate on one of its 
components. The points of E are denoted by p, and = vt.{p) means the outer 
unit normal of E at p. Locally at p £ E we have the parametrization 

p = <P{e) :=$- x {9,0), 

where 9 runs through an open parameter set 8 C R™ -1 . We denote the tangent 
vectors generated by this chart by 

d 

n = nip) = —(f)(0) = 3^, i = l,...,n-l. (1) 

These vectors Tj form a basis of the tangent space T p E of E at p. Note that (Ti|fs) = 
for all i, where (-|-) := (-|-)r™ denotes the Euclidean inner product in R™. Similarly, 
we set Tij = didj(f>, Tijk = didjdk4>, and so on. In the sequel we employ Einstein's 
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summation convention, which means that equal lower and upper indices arc to be 
summed, and <5j are the entries of the unit matrix /. For two vectors a, b <G M™ the 
tensor product a <g> b e B(R n ) is defined by [a ® b](x) = (b\x)a for x e K™. If a 
belongs to the tangent space T p £, we may represent a as a linear combination of the 
basis vectors of T p S, i.e. a = aVj. The coefficients a 4 are called the contravariant 
components of a. On the other hand, this vector a is also uniquely characterized by 
its covariant components, a, defined by aj = (a|rj), which means that the covariant 
components are the coefficients of the representation of a in the basis {r 1 } dual to 
the basis {Tj}, defined by the relations (t 1 \tj) = <5*. Similarly, if K e B(T p Y>) is a 
tensor we have the representations 

X = fc^Vi <g> Tj = fcjjT* <g> T j = fe^T; <g> T- 7 ' =k 3 i T i (g) Tj, 

with e.g. fcy = (Ti|XTj) and fcj- = (V|iVTj). 

2.1. The first fundamental form. Define 

ffij =9ij(p) = (n\Tj), i,j = l,...,n- 1. (2) 

The matrix G = is called ifte /jrsi fundamental form of S. Note that G is 
symmetric and also positive definite, since 

(Gt\0 = H.A'C = (enierj) = \Cn\ 2 > 0, for all £ € R"" 1 , £ 7^ 0. 

We let G _1 = [<7 U ], hence g ik g kj = Sf, and <f'<7y = 5j. The determinant g := detG 
is positive. Let a be a tangent vector. Then a — a l n implies 

flfe = («|ifc) = a l (Ti\T k ) = a l g lk , and a 1 = g tk a k . 

Thus the fundamental form G allows for the passage from contra- to covariant 
components of a tangent vector and vice versa. If a, b are two tangent vectors, then 

(a\b) = a l b j {Ti\Tj) = g l3 a l b j = a 3 b j = a l bi = g zj a,ibj =: (a|6)s 

defines an inner product on T p T, in the canonical way, the Riemannian metric. By 
means of the identity 

{9 ik T k \T j ) = g ik g kj = S i j 

we further see that the dual basis is given by t % = g lk T k . We set for the moment 
Q = g % ^Ti ® Tj and have equivalently 

G = g ij Ti <g> Tj = gijT 1 <g> T 1 = Ti <g> T l = T J <g> Tj . 

Let u — u k T k + (u|^e)^e be an arbitrary vector in E™. Then 

£w = ff tJ ri(rj|u) = g Z3 TiU k g jk = u k T k , 

i.e. Q equals the orthogonal projection Pe = I — v-£. <8> vt, of K™ onto the tangent 
space TpT, at p e S. Therefore we have the identity 

P S = I - ^E ® ^E = Ti <g> T* = T* <g> Ti. 

These three properties explain the meaning of the first fundamental form [gij]- 
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2.2. The second fundamental form. Define 

hj = kj{p) = (nj\vx), L=[Uj]. (3) 

L is called the second fundamental form of S. Note that L is symmetric, and 
differentiating the relations (rj|fE) = we derive 

hj = (nj>s) = -{n\d 3 vy) = -{Tj\di»z). (4) 
The matrix K with entries ZJ, defined by 

/; //"/,,- K = G~ 1 L, 

is called the shape matrix of S. The eigenvalues of if are called the principal 
curvatures of S at p, and the corresponding eigenvectors % determine the principal 
curvature directions. Observe that LT^ = is equivalent to Lr\i — n; L Gr\i, hence 
the relation 

{LVi\Vi) = Ki(GVi\Vi) 

and symmetry of L and G show that the principal curvatures Hi are real. Moreover, 

*i(GVi\Vj) = ( L Vi\Vj) = (Vi\Lvj) = KjiVilGVj) = Kj{Gr)i\r}j) 

implies that principal directions corresponding to different principal curvatures are 
orthogonal in the Ricmannian metric (-|-)s- Moreover, the eigenvalues m are semi- 
simple. In fact, if (K—Ki)x = tt]i for some i and some t € R, then (L-KiG)x = tGrji, 
hence 

t(Gr)i\i]i) = (Lx - KiGxfo) = {x\Lt]i - n.Grji) = 0, 

hence t = since G is positive definite. This shows that K is diagonalizable. 

The trace of K, i.e. the first invariant of K, is called the mean curvature k (times 
n — 1) of S at p, i.e. we have 

71-1 

Kx = trK = l i i =g i H ij = J2Ki- (5) 

i=l 

The Gaussian curvature /Ce is defined as the last invariant of K, i.e. 

/Ce = dct K = g- 1 dct L = 

We define the Weingarten tensor L s by means of 

L E = ^s(p) = J <J Vi <g> Tj = l)n <g> r J ' = 1{t 1 ® Tj = kjT* <g> r- 7 '. (6) 

Le is symmetric with respect to the inner product (-|-) in R™. We note that Le € 
Z?(R n ) leaves the tangent space T p S invariant, and moreover, that Le^s = 0. This 
shows that L s enjoys the direct decomposition 

is = £s|t p s © : T p S © T/S -> T p S © T^S. 

We will in the following not distinguish between L s and its restriction Le|t p s to 
TpS. Observe that 

trL E = l ij (n\Tj) = I"!/,, = k E) 
and the eigenvalues of Le in T P S are the principal curvatures since 

LsVk = r 3 Ti(Tj\rik) = l iJ ng jr n r k = l % r rf k n = K k r)k r i = K kVk- 
The remaining eigenvalue of Le m R n is with eigenvector z/ s . 
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2.3. The third fundamental form. To obtain another property of the shape 
operator K we differentiate the identity |^s| 2 = 1 to the result {diVn\v^) — 0. This 
means that diiT, belongs to the tangent space, hence ftz/s = j^Tk for some numbers 
7j . Taking the inner product with Tj we get 

liGkj = lK T k\rj) = [piV^Tj) = -(Tij\v s ) = -hj, 

hence 

where we used symmetry of L and G. Therefore we have 

<Vs = -Z[r r = -hjT j = -L-sTi, i = 1, . . . ,n - 1, (7) 
the so-called Weingarten relations. Furthermore, 

= diiusldjUs) = (dii>z\dji>x) + {v-z\didjV<z) 

implies 

- (didjUslun) = (diVsldjVz) = lll S j(T r \T s ) = llg rs l S j = ks9 sr l r3 = lll r j, (8) 

which are the entries of the matrix LG _1 L, i.e. the covariant components of L|. 
This is the so-called third fundamental form of S. In particular this implies the 
relation 

trL| = (L S T l \LxT t ) = -g^i&djVxWs), (9) 
which will be useful later on. Moreover, we deduce from (JSJ) 

n-l 

trL| = (L^lLxn) = g-KIr, = = £ nj. (10) 

i=i 

2.4. The Christoffel symbols. The Christoffel symbols are defined according to 

Atfl* = (ry|r fc ), = ff^Aij-ir. (11) 

Their importance stems from the representation of Ty in the basis {r^, ^s} of K" 
via 

= A£.T fe + (12) 
which follows from (wz\Tk) — and 

To express the Christoffel symbols in terms of the fundamental form G we use the 
identities 

dkgij = dk{n\Tj) = (Tik\rj) + (Ti\rjk), 

di9kj = di{T k \Tj) = (T tk \Tj) + (Tk\Tij), 

d 3 g ik = dj(Ti\T k ) = {n 3 \T k ) + (n\Tj k ), 
digjk + d 3 g lk - d k gij = 2(r ii |T A: ), 



which yield 



i.e. 

Kj\k = -A-^Sjk + dj9ik ~ d k g rj \. (13) 

Another important identity follows by differentiation of the relations {T J \r k ) = 8 3 k 
and (r J |^s) = 0. We have 

(d^\r k ) = -{T*\T ik ) = -A r ik (r j \r r ) = -Al k , 
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and 

(c^> E ) = -(rJ\d^) = (T^LxTi) = l{, 

hence 

dir j = -Ai k r k +li^. (14) 

This gives another interpretation of the Christoffcl symbols and of the second fun- 
damental form. 

2.5. The surface gradient. Let p be a scalar field on E. The surface gradient 
V E p at p is a vector which belongs to the tangent space of S at p. Thus it can be 
characterized by its 

• covariant components di = (V E p|rj), or by its 

• contravariant components i.e. V E p = aV,. 

The chain rule 

di{p°4>) = P'di(f> = (V E p|rj) 
yields en — di{po cfy) = dip. This implies 

a» = (V E p|ri) = a fe (r fe |ri) = a fe flr fci , 

hence 

(V E p)» = <9,(p o 0) = dip, (V E p) J = 5 ij ^p, V s p = r l d l p, V s p = {g ij djp)Ti. 
For a scalar field p defined in a neighborhood of £ we therefore have 

Vp = (Vp|f E )i/ E + (V E p)Vi, 
and hence, the surface gradient of p is the projection of Vp onto T p £, that is, 

V E p = P E Vp. 

For a vector field / : £ — > R m of class C 1 we define similarly 

Vvf~g ij T i ®d j f = T j ®d j f. 
In particular, this yields for the identity map id E on £ 

V E id E = g ij n <g> dj<t> = g ij Ti <g> 73 = P E , 
and by the Weingarten relations 

V E z/ E = g ij n <g> 9jf E = -g ij ljTi <g> r r = -Z ij Ti <g> r,- = -L E . 
For the surface gradient of tangent vectors we have 

V E Tfe = S^Ti <g> 9j-Tfc = g lJ Ti <g> Tj k = g lJ Ti <g> (AJ fe T r + Zjfcfs) 

= g ij A r jk n <g> r r + 4t» ® = A^-t j ' <g> r r + (L E T fe ) <g> z/ E . 

2.6. The surface divergence. Let / be a tangential vector field on S. As before, 
/' = (/I 1 "*) denote the contravariant components of /, and fa = (/|rj) the covariant 
components, respectively. The surface divergence of / is defined by 

div s / = ^(V3.f ) = ^(y/ggVfr). (15) 

As before, g := detG denotes the determinant of G = \g%j\- This definition ensures 
that partial integration can be carried out as usual: 



/ (V E p|/) E da = - I pdiv^fda. 
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Recall that the surface measure in local coordinates is given by da = ^/gd9 1 which 
explains the factor yfg. 

In fact, if e.g. p has support in a chart <f>(&) at p then 



(V E p|/) E Ar= / d l (po^[(focf>)^g)}d9 
Je 

= - f {p°4>)^=diW9{f°4>)]y/9dB = - f pdivvfda. 
Je v9 Js 

There is another useful representation of surface divergence, given by 

div s / = ^'(T J -|^/) = (r i |a i /). (16) 

It comes from 

div E / = ^diiyfig* ft) = -^=<MVS5 U N/)], 

since 

(di(V9~g ij Tj)\T k ) = 0, fc = l,...,n-l. (17) 
Here (fTTl) follows from 

(di(V99 ij Tj)\r k ) = ft(V5ff iJ (Ti|n)) " vW%M = d k ^g - ^gg ij ( Tj \T ki ) 

= dkVg~ \ Vgg lJ d k {Tj\Ti) = (d k g - gg l3 d k g l3 ) 

and the well-known relation 

n 

d k g = d k detG = }^ det [5.1, • • • , d k g.j, ■ ■ ■ g. n ] 

3 = 1 

n 

= (dot G) ^2 det ■ • • ) d k g.j, ■ ■ ■ g.n}) 

= gtr [G~ 1 d k G] = gg 13 d k g tj , 

where G — [gij] = [g»i, • • • , <?•«], with g t j the j-th column of G. 

Equation (fl6|) can be be used as a definition of surface divergence for general, 
not necessarily tangential vector fields /. For example, consider / = i^s; then 
diVY. — —liT k by the Weingarten relations, hence we obtain 

divE^s = g %3 (Tj\diVr,) = -g r] hj = -Ks- 

This way we have derived the important relation 

k s = -div s j/ s . (18) 

Note that the surface divergence theorem only holds for tangential vector fields! 

Another representation of the surface divergence of a general vector field / is 
given by 

div s / = (t 1 ^/) = tr[r* <g> dj] = tr V s /. 

Finally, we compute 

divsTfe = g ij {T 3 \T kl ) = g ij A kilj = A* fe . 
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2.7. The Laplace-Beltrami operator. The Laplace- Beltrami operator on £ is 
defined for scalar fields by means of 

A s/ 9 = div s V s p, 

which in local coordinates reads 
Another representation of As is given by 

Av /( .rn.n,,, ; r\';,<h,>. (19) 

In order to see this we note that (JTTJ) implies 

- (di(^gg ir T r )\Tk) = di{^gg ir )g rk + Jgg ir (n r \ Tk ) 

and hence 

di(V99 ij ) = ~V99 lr 9 jk (nr\r k ) = -y/gg*^. 
Since at each point peEwe may choose a chart such that gij = 5ij and A^- = at 
p, we see from this representation that the Laplace-Beltrami operator is equivalent 
to the Laplacian at the point p; see subsection 8 below. 

To obtain another representation of As , for a scalar C 2 -function we compute 

V|p = VsCr^p) = r l ® d^djp). 

This yields with ([14]) 

=(did k p - Mk d jP) ri ® rfc + (^sVsp) ® ^s. 

Taking traces gives 

A E p = trV|p. 

Similarly, the Laplace-Beltrami operator applies to general vector fields / according 
to 

A E / = s iJ '(W- A *A/)- 

For example, this yields for the identity map ids on E 

A s ids = <f J '(W - A^) = ^'fa - A^), 
and hence by (fT2j) 

As ids = g^kjVr, = ks^s- 
Finally, we prove the important formula 

As^s = -Vs^s - [trL|]^s- (20) 

In fact, we have from © 

Next observe that 

{d k djVz\Ti) - {didjV^Tk) = dk(djU S \Ti) - di(djw\T k ) 
= -dk{vT.\nj) + di(v<z\Tkj) = dk{dii>Y,\T.j) - di(dkfs\Tj) 
= (diisz\T k j) - (dkvr\nj) = K r kj (diVT,\T r ) - A^d^sliv) 
= A r fc .(a r ^|r i )-A^.(^ E |r fc ), 

hence 

{d k djVY. - A^d^sh) = (didjUs - A^-d^skfe)- 
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This implies 

(A E j/ s |ri) = g jk {d k dji>v - A^jdrusln) = (didjVs - A^5 T .z/ s |r j 
On the other hand, 

-(VeKe|t,-) = -d{Ks = d^d^W) 

= (didj^) + (d r ^\diT r ) 

= {didjVT, - Aljd r fs\T j ). 

This proves formula ([20]) . 



2.8. The case of a graph over M n_1 . Suppose that E is a graph over R n_1 , i.e. 
there is a function h e C (R n ) such that the hypersurface E is given by the chart 
4>(x) = [x T , h(x)] T , x <E K n_1 . Then the tangent vectors are given by Tj = [ef, dih] T , 
where {ej} denotes the standard basis in R n . The (upward pointing) normal 
is given by 



vs(x) = l3(x){-V x h(x) T , If, f3(x) = 1/Vl + lV^I 2 . 
The first fundamental form becomes 

9ij — $ij + dihdjh, 

hence 
This yields 

r 4 = [[e 4 -/3 2 a i W^] T ,/3 2 a j / l ] T , 
and with Ty- = [0, didjh] T 

hj = (Tij|^£) = Pdidjh, 

and therefore 



ke = <7 U J« = )8[AxA - /3 2 (V 2 W*/i|V x /i)] = div a 



v/l + |V^| 2 

The Christoffel symbols in this case are given by 

Suppose that R™ -1 x {0} is the tangent plane at c/>(0) = e E. Then h(0) = 
V x h(0) = 0, hence at this point we have gij = <5y, n = [ef,0] T , uy, = [0, 1] T , 
(3 = 1, and Uj = didjh. Thus the curvatures are the eigenvalues of V 2 /i, the mean 
curvature is ke = A K /i, and = 0. 

To obtain a representation of the surface gradient, let p : E — > R, then 

V s p = r>0 3 -p - [[V x p - /3 2 (y x p\V x h)V x h] T ,/3 2 (V x p\V x h)] T . 

Similarly, for / = (/, f n ) : E -> R" -1 x R we obtain 

div E / = (r^/) = divxZ+^CVxftlV.r ~ (Vx/i • V*)/), 
and for the Laplace-Beltrami 

A E p = A K p - p 2 {V 2 xP V x h\V x h) - (3 2 [A x h - f3 2 {V 2 x hV x h\V x h)](V x h\V x p). 
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3. Parameterized hypersurfaces 

We consider now a hypersurface T = T p which is parameterized over a fixed 
hypersurface E according to 

q = ^p(p)=p + p(p)ve(p), p^, (21) 

where as before — v-^ip) denotes the outer normal of E at p £ E. We want to 
derive the basic geometric quantities of T in terms of p and those of E. In the sequel 
we assume that p is of class C 1 and small enough. A precise bound on p will be 
given below. 

3.1. The fundamental form. Differentiating (f2~Tj) we obtain 

t[ = d l ^ p = n + pdiVT, + {dip)v-z, 
hence the Weingarten relations imply 

t[ = n - pZ[r r + v^dip = (I - pL s )r, + v^dip. (22) 
Therefore we may compute the fundamental form G r = [gfj] of V. 

9ij = (t[\tJ) = (nlTj) - (n\pl r 3 T r ) + (n^djp 

- (pliT r \Tj) + (pZjT r |p^T s ) - {pllT r \^)djP 

+ {vz\Tj)dip- {vT,\l s J T s )d i p + l^dipdjp. 
Since |^s| 2 = 1 and {v^\Ti) = 0, this yields 

9ij = 9i 3 - Zphj + P 2 lil r j + dipdjp. (23) 

Let 

9ij(p) = 9ij ~ 2pkj + P 2 l r ilr 3 ] 

then we may write 

gf 3 = 9 l k{p)[5 k 3 +g kr {p)d rP d, J p] 1 

hence 

G r = G(p)(I + G- 1 (p)dp ® dp) 
where dp = [dip, . . . , d n ~ip] T . Next we may factor G{p) according to 

G{p) = G(I - 2pG- 1 L + p 2 {G- 1 Lf) = G(I - pK) 2 . 
Since for any two vectors a, b £ K™ we have 

det(7 + a® b) = 1 + (a|6), 

we obtain 

g r := det G r = <?[det(7 - pK)] 2 {\ + (G~ 1 {p)dp\dp)) = ga 2 (p)/(3 2 (p), (24) 
where 

a{p) = det(J - pK) = IL^l - p Ki ), 
and 

(3(p) = 1/y/l + (G-l(p)dp\d P ). 

This yields for the surface measure dj on T p 



hence 
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Since 

a ® b 



(I + a (gib)- 1 = 1 



l + (a\by 
we obtain for [G r ] _1 the identity 

[G^- 1 = [I-p 2 (p)G- 1 (p)dp®dp)]G- 1 (p), (26) 

and 

G-\p) = {I-pK)- 2 G-\ 

All of this makes sense only for functions p such that I — pK is invertible, i.e. a(p) 
should not vanish. Thus the precise bound for p is determined by the principle 
curvatures of E, and we assume here and in the sequel that 

H °° < max{M P )| :* = !,. ..,n-l, P eE} = ' P °' (2?) 

3.2. The normal at I\ We next compute the unit outer normal at T. For this 
purpose we set 

v r = l3(p)(vx-a(p)), 
where /3 is a scalar and a{p) G T p E. Then (3(p) = (1 + \a{p)\ 2 )-^ 2 and 

= O r |rf )/j8(p) = ~ o|t< - pisTi + ^d l( o), 

which yields 

= dtp - (a(p)\(I - pL s )Ti) = dip - ((I - pL s )a(p)\n), 
by symmetry of L-£. But this implies (I — pL^)a(p) = V^p, i.e. we have 

^ r = /3(p)(^-A/ (p)V EP ), (28) 

with 

M (p) = (I - pL E )~\ p{p) = (1 + IA/q^VspI 2 )- 1 / 2 . 

As remarked in subsection 2.2 we do not distinguish between L% G B(K") and its 
restriction to T p E. With this identification, and by the fact that (I — pL^) = I on 
Tr-T,, we have 

(J - pL^){p) G Isom (R™, R n ) n Isom (T P E, T p E), 

provided p satisfies (|27|i. As before, pL^, is short form for p(p)L^(p). Hence, we 
have 

M (p)(p) G Isom(M",R n ) n Isom(T p E,TpE). 

Note that /3(p) coincides with ft(p) as defined in the previous subsection. By means 
of a(p), p{p) and Mo(p) this leads to another representation of G r and Gp , namely 

G r = G E (7 - pL E )[J + a(p) ® o(p)](J - pL s ), 

and 

Gp 1 = Af (p)[/ - 2 (p)a(p) ® a(p)]M (p)Gs 1 . 
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3.3. The surface gradient and the surface divergence on T. It is of impor- 
tance to have a representation for the surface gradient on T in terms of S. For this 
purpose recall that 

P r = I - v T <8 v r = g^rf <g> rj, 
where u T = /3(p)(f£ - Mo(p)Vsp), and 

t[ = (I - pLjfrf + (V E p)^ E . 
By virtue of Le^e = 0, the latter implies 

M (p)r[ =rf + (d iP )vx, 

hence 

P S M (p)rf =rf. (29) 

On the other hand, we have 

PpM (p)r E = 5 «rf ® rjM (p)r E - ^(rJ|M (p)r E ), 

hence 

P r M (p)r s = ^(M (p)rJ|r s ) = rf . (30) 
(I2U1) and (1311)) allow for an easy change between the bases of T p T, and T q T, where 

1 = V>p(p) = P + p{p)vs(p)- 

(|30p implies for a scalar function ip on T 

Vry = T^drip = PrMo(p)r^d r p* = PrM (p)X7zp* : p* = p o ip p 

which leads to the identity 

Vr¥> = i¥M)(p)Va¥>*. 
Similarly, if / denotes a vector field on T then 

V r / - PrM (p)V s /*, 

and so 

divr/ = (rf = (P r M (p)r£|9 r /) = tr [P r A/o(p)V E /*]. 
As a consequence, we obtain for the Laplace-Beltrami operator on T 

A r p = tr [PrMo(p)Vs(PrM (p)Vs^*)], 

which can be written as 

A r p = M (p)P r M (p) : V|(p* + (6(p, V s p, V|p)|V E <p*), 

with 6 = <9i(AfoPr)AfoPr''"£- One should note that the structure of the Laplace- 
Beltrami operator on T in local coordinates is 

A r <^ = a l3 (p,dp)d 2 d j p t: + b k (p,dp,d 2 p)d k p* 

with 

av(p,dp) = (P r M ( P )rh\P T M (p)4) = (4\4) = 

and 

b k {p,dp,d 2 P )) = (d i (M (p)P r )PrMo(p)rh\4) = (t^t*) = -g^A k rij . 
This shows that — Ap is strongly elliptic on the reference manifold S as long as 

Hoc < P0- 
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3.4. Normal variations. For p, h e C(E) sufficiently smooth and a mapping M(p) 
we define 



M'(0)h := ^-M{p + sh) 



e=0 



First we have 

M' (p) = M (p)£ E M (p), M^(0) = L E , 

as M (0) = /. Next 

f3'(p)h = -p(pf(M (p)Vzp\M{ ) (p)hVvP + M (p)Vzh), 
which yields /3'(0) = 0, as /3(0) = 1. From this we get for the normal 
v{p) = v T = 0( P ){ve - Mo(p)V s p) 

the relation 

v\p)h = p{p)h{w - M (p)V s p) - /3(/>)(M^(p)/iV E p + M (p)V E /i), 
which yields 

v'(0)h = -V E /i. 

This in turn implies for the projection P(p) := Pr 

P'(p)h = -u'(p)h <g> v(p) - v(p) <g> i/(p)h, 

hence 

P'(0)ft = V s /i <g> f E + fs ® Vs/i = [Ve ®vt, + vt,® V e ]/i. 
Applying these relations to V(p) := Vr = P{p)M (p)V^ yields 

(V'(0)/i)<p = (V E /i|V E <p)z/ E + /!XeVe<£ = [^e <S> V E h + /iLs]Vs<^, 
and for a not necessarily tangent vector field / 

(V(0)h)f = z/s <8> (Ve/i|Ve)/ + /i^eVe/- 
For the divergence of the vector field / this implies 

[div'(0)ft]/ = M(V E /i|V E )/) + /itr[L E V E /]. 
Finally, the variation of the Laplace-Beltrami operator A(p) := Ar becomes 

(A'(0)ft)<P = /itr[L E V|<£ + V E (Z, E V E <^)] + 2( J L E V E /i|V E <^) - k(V e /i|Vep). 
Note that in local coordinates we have 

tr[L E V!d - 4?(^ - A^), 

hence with 

tr[V E (L E V E <^)] = tr[L E V|<p] + (divsislVs^), 
we may write alternatively 

(A'(0)/i)<p = 2htr[L E V|<p] + (/i div E £ E + [2L E - k e ] V E /i|V E ^). 

If T = TijT 1 (g> is a tensor we define 

div E T = (t^^T*))^' + (t^T*)^'. 
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3.5. The Weingarten tensor and the mean curvature of T. In invariant 
formulation we have with Pr =: P(p) 

L(p) := L r = -V r ^ r = -P(p)M (p)V E {/3( (0 )(^ - M (p)V^p)}. 

Thus for the variation of Lr at p = we obtain with -P(O) = Ps, /3(0) = 1, 
M o (0) = /, and P'(0) - V s ® ^ s ® V E , /3'(0) = 0, M^O) = L E , 

L'(0) = ® L E V S + L| + V|. 

In particular, for n(p) := Kr we have 

K(p) = -tr[V r ^ r ] = -tr[P(p)A/ (p)V s {/?(p)(^ - M (p)V E p)}], 

hence 

k'(0) =tri| + A s . (31) 

Let us take another look at the mean curvature Kr- By the relations rf = PrMo(p)r£\ 
and v T = (i(p){vY, — a(p)) we obtain 

k( P ) = -(rf|^ r ) = -(PrM Q (p)Ti\(d^(p)/P(p))v r + PWdjVE - d 3 a{p))) 

= p(p)(PrM (p)4\LvTf + d 3 a(p)) 

= p(p)(M (p)4\Lxrf + d ja (p)) - l3(p)(v r \Mo(pK)(v r \L S T? + d 3 a{p)). 
Since (M (p)-4|L E r?) = tr[M (»L s ] as well as 

(M (p)4\d ja (p)) = tv[M (p)V s a(p)}> 

and (v f \MqtI) = -(3(p)[M (p)a(p)] j , we obtain 

« r = /3(p){tr[M (p)(L s + V E o(p))] 

+ /3 2 (p)[Af (p) a (p)] J [(^|9 ja (p)) - {a{p)\d a(p)) - (a(p)\L^rf )] } 

= /3(p){tr[M (p)(L s + V E o(p))] - p 2 (p)(M (p)a(p)\V^a(p)a(p))} , 

as (z^s|a(/?)) = implies 

(Md ja {p)) = = (^ s |a(p)). 

This yields the final form for the mean curvature of T. 

n(p) = /3(p){tr[Mo(p)(L s + V E a(p))] -/3 2 (p)(M (p)a(p)|[V Ea (p)]a(p))}. (32) 

Recall that a(p) = M (p)VsP- 

We can write the curvature of T in local coordinates in the following form. 

K(p) = c ll (p,dp)d i d J p + g(p,dp), 

with 

c« = P{p)Wl{pW - P(p) 3 [m^pY[m^pY . 

A simple computation yields for the symbol c(p,£) = c 13 ^^ of the principal part 
of this operator 

c( P ,0 = P(p){\M (p)e - (3 2 (p)(a(p)\M (p)0 2 } > /? 3 (p)|M (p)C| 2 > ^| 2 , 

for £ = £kiji e ^j>S, as long as |Vsp|oo < oo and \p\oo < Po- Therefore the curvature 
k(p) is a quasi-linear strongly elliptic differential operator on S, acting on the 
parametrization p of T over £, see also [2113] for a different derivation. 
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4. Approximation of hypersurfaces 

4.1. The tubular neighborhood of a hypersurface. Let £ be a compact con- 
nected C 2 -hypersurface bounding a domain CI C K n , and let it£ be the outer unit 
normal field on S with respect to CI. 

The conditions imply that £ satisfies a uniform interior and exterior ball condi- 
tion, i.e. there is a number a > such that for each point p G £ there are balls 
B a {xi) C f2j such that £ n B a { x i) = {p}- As in [H Section 14.6] we conclude that 
the mapping 

X : E x (-a, a) -> R n , X(p, r) := p + r^s(p) (33) 

is a C^diffeomorphism onto its image U a :— im(X). It will be convenient to 
decompose the inverse of X into X^ 1 = (lis, (is) such that 

n E e^f^E), d E eC 1 (^ a ,(-o,o)). 

IIs(x) is the nearest point on E to x, d-^(x) is the signed distance from x to E, and 
U a consists of the set of those points in M" which have distance less than a to E, 
and |d E (x)| = dist(x, E), d E (x) < if and only if x G CI. 

(i) From the uniform interior and exterior ball condition follows that the number 
1/a bounds the principal curvatures of E, i.e., 

max{Ki(p) : p € E, i = 1, • • • , n — 1} < 1/a. (34) 

(ii) We remark here that the regularity assertion A" -1 G C 1 (f7 a ,E x (—a, a)) is 
an easy consequence of the inverse function theorem. To see this, we fix a point 
(po, fo) G E x (—a, a) and a chart tf> for po. Then the function f(0, r) = X(tfi(9), r) 
has derivative 

Df(0,ra) = [[/-roi s (po)]^(0),^(po)]. 

It follows from (|34]> that [J— r Ls(po)] G £>(T po £) is invertible, and consequently, 
Df(0,To) G £>(R ra ) is invertible as well. The inverse function theorem implies that 
X is locally invertible with inverse of class C 1 . In particular, lis and ds are C 1 . 

(iii) A remarkable fact is that the signed distance (is is even of class C 2 . To see 
this, we use the identities 

x - Hs(.t) = ds(zK(n E (z)), d E (x) = (as - n E (x)K(II E (x)). 

Differentiating w.r.t. this yields 

a* fc d E (x) = (e fc - a Xfc ns(.T)|^s(ns(x))) + (x - n s ( x )\d Xk (^ o n E )(x)) 

= (n E (a)) + (is (z) (^s (n E (a;)) | d Xk (i/g o Us (a:))) = i/ fc (n E (x) ) , 

since c^IIs^) belongs to the tangent space Tn E ( x )£, as does d Xk (i / s°IIs(a;)), since 
\ve o II e (x)| = 1. Thus we have the formula 

V x d E (x) = i>s(n E (x)), x G U a . (35) 

This shows, in particular, that d E is of class C 2 . 

(iv) It is useful to also have a representation of V x II E (x). With 

I - n's(x) = d E (zK(n E (x)) + ds(^s(ns(x))IIs(x), 
and (j3"S")l . we obtain 

V x II E (x) = P E (n E (x))M (d E (x))(n E (x)), (36) 
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where Mo(r)(p) := (7 — rL E (p)) 1 . This shows, in particular, that that V^IIs^) = 
Ps(p) is the orthogonal projection onto the tangent space T P E. 

4.2. The level function. Let E be a compact connected hypersurface of class C 2 
bounding the domain f2 in R". According to the previous section, S admits a 
tubular neighborhood U a of width a > 0. We may assume w.l.o.g. a < 1. The 
signed distance function ci E (x) in this tubular neighborhood is of class C 2 as well, 
and since 

V x d s (x) = i/s(II E (a:)), x e f/ , 
we can view V x d E (a;) as a C 1 -extension of the normal field vj;(x) from E to the 
tubular neighborhood U a of E. Computing the second derivatives V 2 (i E we obtain 

v 2 d s (x) = v^ E (n s (x)) = -L s (n E (x))p s (n s (x))(/ - d^L^u^x)))- 1 

= -i E (n s (x))(7 - ds^Ls^s^)))- 1 , 
for x G [/<,, as L E (p) = L^(p)P^(p). Taking traces then yields 

Ad E (x) = -X: T — r^L, ^C/ a . (37) 
In particular, this implies 

« s (p) = -A a d E (p), peS. (38) 

Therefore the norm of V 2 <i E is equivalent to the maximum of the moduli of the 
curvatures of E at a fixed point. Hence we find a constant c, depending only on n, 
such that 

c|V 2 d E |oo < max{|Ki(p)| : i = 1, . . . , n - 1, p e E} < c _1 |V 2 d E |oo. 

It has now become clear that the Lipschitz constant for the normal vy,(p), which 
is given by IV 2 ^^, is equivalent to the maximum of the moduli of the principal 
curvatures of E. 

Next we extend <i E as a function ip to all of R". For this purpose we choose a 
C°°-function X (s) such that x(s) = 1 for \s\ < 1, x(s) = for \s\ > 2, < x(s) < 1. 
Then we set 

p(aO = d E (x) X (3d E ( a; )/ a ) + (signd E (x))(l - X (3d E (x)/a)), x e U a , (39) 

and y> = 1 in the exterior component of R" \ U a , f = — 1 in its interior component. 
This function <p is then of class C 2 , <p(x) = d E (x) for x € J/ a /3, and 

<p(x) = if and only if x € E. 

Thus E is the level set E = <p _1 (0) of 93 at level 0, <p is called a canonical level 
function for E. It is a special level function for E, as V x ip(x) = vy.{x) for x e E. 

4.3. Existence of parameterizations. Recall the Haussdorff metric on the set JC 
of compact subsets of R" defined by 

dn(Ki, Ki) =max{ sup d(x,K 2 ), sup d(x,K 1 )}. 

xeKx xeK 2 

Suppose E is a compact (and without loss of generality) connected hypersurface 
of class C 2 in R™. As before, let U a be its tubular neighborhood, II E : U a — > E 
the projection and d E : U a — > R the signed distance. We want to parameterize 
hypersurfaces T which are close to E as 

q = P + p{p)vy,{p), 
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where p : E — > R is then called the normal parametrization of T over E. For this 
to make sense, T must belong to the tubular neighborhood U a of S. Therefore, a 
natural requirement would be rfjj(r, E) < a. We then say that T and E are C° '-close 
(of order e) if d#(r, E) < e. 

However, this condition is not enough to allow for existence of the parametriza- 
tion, since it is not clear that the map lis is injective on T: small Haussdorff 
distance does not prevent T from folding within the tubular neighborhood. We 
need a stronger assumption to prevent this. If T is a hypersurface of class C 1 we 
may introduce the so-called normal bundle AfT defined by 

7VT := {(p, w{p)) : p G T} C R 2 ™. 

Suppose T is a compact, connected C 1 -hypersurface in R™. We say that V and 
E are C^-close (of order e) if d#(.A/T, A/"E) < e. We are going to show that C 1 - 
hypersurfaces T which are C 1 -close to E can in fact be parametrized over E. 

For this purpose observe that, in case T and E are C 1 -close of order e, whenever 
q G T, then there isp G E such that \q~p\ + \vr{q) — ^s(p)| < £■ Hence \q~ U^q\ < e, 
with Tl^q := Tl^(q), and 

Wr(q) - ^s(n S (7)| < Wr(q) - + |^E(n s g) - vh{p)\ <£ + L\n s q-p\, 

which yields with \Hzq — p\ < \Tlzq — q\ + \p — q\ < 2s, 

\q - U s q\ + \ur(q) - M^q)\ < 2(1 + L)e, 

where L denotes the Lipschitz constant of the normal of E. In particular, the 
tangent space T q T is transversal to ^(n^g), for each q G T, that is, 

T 9 r®span{^(n sg )} = R", q G T. 

Now fix a point qa G T and set po = n^^o- Since the tangent space T qo T is transver- 
sal to ^s(po), we see that n' s (&o) : T qo T — > T Po T, is invertible. The inverse function 
theorem yields an open neighborhood V(po) C E and a C 1 -map g : V(po) — > T such 
that g(po) = qo, g(V(Po)) C T, and Hzg(p) = p in V(po). Therefore we obtain 

q = g{p) = n s .g(p) + d E (sr(p))i/ E (n E 5(p)) =p + p{p)^(p), p(p) ■= d s ( g ( P )). 

Thus we have a local parametrization of T over E. We may extend g to a maximal 
domain V C E, e.g. by means of Zorn's lemma. Clearly V is open in E and we claim 
that V = E. If not, then the boundary of V in E is nonempty and hence we find a 
sequence p n G V such that p n — > p,^ G dV . Since p n — p{p n ) is bounded, we may 
assume w.l.o.g. that p n — > p^. But then q^ — Poo + Poo (Poo ) belongs to E as E is 
closed. Now we may apply the inverse function theorem again to see that V cannot 
be maximal. Since the map $(p) = p + p(p)^s(p) is a local C^diffeomorphism, it is 
also open. Hence $(E) C T is open and compact, i.e. $(E) — T by connectedness 
of r. The map <& is therefore a C 1 -diffeomorphism from E to T. In case E is of 
class C 3 the proof above immediately implies that $ G Diff 2 (E,r). 

Observe that because of x = U^x + d s (:E)^ s (n S 2;) in U a we have x G T if and 
only if dx(x) = p(Hzx). This property can be used to construct a C 1 -function tjj 
on R™ such that T = V'^ 1 (0), i.e. a level function for T. For example we may take 

V>(a;) = tp(x) - p(ttzx)x(3dT,(x)/a), x G R", 

provided e < a/3, where ip and \ are as i n subsection 2. 
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4.4. Approximation of hypersurfaces. Suppose as before that S is a compact 
connected hypersurface of class C 2 enclosing a domain f2 in R™. We may use 
the level function (p : M™ — > M introduced in (|39|) to construct a real analytic 
hypersurface E e such that £ appears as a C 2 -graph over E e . In fact, we show that 
there is Eq G (0, a/3) such that for every e G (0, £o) there is an analytic manifold E e 
and a function p e £ C 2 (E e ) with the property that 

£ = {p + Pe(jp)VY, E [p):pe £ e } 

and 

|p e |oo + |V Se /O e |oo + |V| E P e |oc < £■ 

For this purpose, choose R > such that = 1 for \x\ > R/2. Then define 

/ ld 2 \ fe 

^(z) = c fe (i-n_) + , xeM « 5 

where > is chosen such that J R „ ijjk{x)dx = 1; note that Cfe ~ k n / 2 as fc — > oo. 
Then as fc — >• oo, we have ipk{x) — > 0, uniformly for \x\ > r\ > 0, hence ipk * / / 
in BC/C m (R™), whenever / G BC/C m (R"). We define ^fe = 1 + V>fc * (<£> - 1); then 
ip k -> ip in SIC 2 (IT). Moreover, 

ip k * (cp - l)(x) = (ip(y) - l)i>k(x ~ y)dy = / ((p{y) - l)ip k {x - y)dy. 

JE" JB R/2 (0) 

For |x|, 1 2/ 1 < -R/2 follows |x — y| < i?, and hence ipk{x — y) = c fc (l - |x — y\ 2 /R 2 ) k is 
polynomial in x, y. But then ^(a;) is a polynomial for such values of x, in particular 
(yCfc is real analytic in U a - Choosing k large enough, we have \<p — V 3 fc|sc/c 2 (R") < £ - 

Now suppose ifik{x) — 0; then |y(x)| < e, hence x £ U a and then < e. 

This shows that the set E& = (0) is in the e-tubular neighborhood around 
S. Moreover, \V(fk — ^f\oo < £ yields Vifk{x) ^ in U a , and therefore £& is a 
manifold, which is real analytic. 

Next we show that E and £& are C^-diffeomorphic. For this purpose, fix a point 
go G E fe . Then q a = p + r iy^(p ), where p Q = U^q G E and r = ds(go)- Consider 
the equation r) := r^s(p)) = near (po, ro). Since 

d r g{p,r) = (V x ip k (p + r^(p))\^(p)) 

we have 

d r g{po,r ) = (V^ fc (<jo)|V^(po)) 

> 1 - |V^ fe (q ) - V<^(g )| - |V^(g ) - V^(p )| 

> 1 - |^fe - (^IbcMR") ~ a l v Vlsc(R") > 1 - e - aL > 0. 

Therefore, we may apply the implicit function theorem to obtain an open neigh- 
borhood V(po) C E and a C 1 -function r& : V(po) — > K such that rk(po) — and 
p + fk{p)vT,{p) G Efc for all p G V^(po)- We can now proceed as in subsection 3 to 
extend ffe(-) to a maximal domain FcS, which coincides with E by compactness 
and connectedness of E. 

Thus we have a well-defined C 1 -map fk '■ E — > = P + »"fc(p)' / E(p), which 

is injective and a diffeomorphism from E to its range. We claim that fk is also 
surjective. If not, there is some point q G Efc, q ^ /&(£)■ Set p = Usq. Then 
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q = p + dz(p)vz(p) with dx(p) 7^ r k (p). Thus, there there are at least two numbers 
Pi j f2 € (—a, a) with p + riVY,{p) <E Sfc. This implies with vy, = vr,(p) 

= ipk(p + r2^)-fk(p + ri^) = (r 2 -ri) / (V(^ fe (p+ (n + t(r 2 - ri))^s)|^s) d*, 

Jo 

which yields r 2 — r\ = since 

(Vip k (p + (n + i(r 2 - ri))i/s)|i/s) eft > 1 - e - ah > 0, 

as above. Therefore the map / is also surjective, and hence f k € Diff (£, Y, k ). This 
implies in particular that T, k = /&(£) is connected. For later use we note that 

Moo + |Vsnt|oo -» as k -> 00, 

as can be inferred from the relationship c/?fc(p + r k (p)vj:(p)) = for pe E. 

Next we show that the mapping 

X k : E fc X (-a/2, a/2) -> E7(£ fc , a/2), X fc (q, s) := q + sv k {q) 

is a C 1 -diffcomorphism for k > k 0} with fc G N sufficiently large. In order to see 
this, we use the diffeomorphism f k constructed above to rewrite X k as 

X k (q,s) = X k (f k (p),s) 

= P + svy.{p) + r k (p)v^(p) + s[v k (p + r k {p)i>-£,(p)) - ^s(p)] 
=:X(p,s) + G k (p,s)=:H k (p,s). 

Clearly H k eC'(Sx (—a/2, a/2), R") and X E Diff^S x (-a, a), [/(£, a)). It is 
not difficult to see that 

\G k (p, s)\ + \DG k (p, s)\ ^ as k -» 00, uniformly in (p, s) e £ x [-a/2, a/2]. 

Consequently, DH k (p, s) : T p (£) x (—a/2, a/2) — > R™ is invertible for k > k , and by 
the inverse function theorem, H k is a local C 1 -diffeomorphism. We claim that H k is 
injective for all k sufficiently large. For this purpose, note that due to compactness 
of S x [—a/2, a/2] and injectivity of X there exists a constant c > such that 

\X( P ,s)-X{p,s)\>c(\p-p\ + \s-s\), (p,s), (p,a)eEx [-o/2,o/2]. 

The properties of and compactness of S x [—a/2, a/2] imply, in turn, that the 
estimate above remains true for X replaced by H k , and c replaced by c/2, provided 
k > ko with ko sufficiently large. Hence H k is a C^diffcomorphism onto its image 
for k sufficiently large, as claimed. This shows that T, k has a uniform tubular 
neighborhood of width a/2 for any k > ko, and it follows that £ C U(T k ,a/2). £ 
and Sfe are compact, connected, C 1 hypersurfaces, and may now apply the results 
of subsection 3, showing that X can be parameterized over by means of 

[p ^ p + p k (p)vk(p)] where p k £ C 2 (S fe ,R). 

Finally, it is not difficult to show that the relation (p(p + pk{p)vk{p)) — for p e £& 
implies |p fe |oo + |Vs fc Pfe|cx> + |V| fc Pfc|oo < £ for fc sufficiently large. 
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5. Compact embedded hypersurfaces in R™ 

5.1. The manifold of compact connected hypersurfaces of class C 2 . Con- 
sider the set M. of all compact connected C 2 -hypersurfaces E in R™. Let AfT, denote 
their associated normal bundles. The second normal bundle of E is denned by 

N 2 ^ = {{p,v^{p),V^{p)) :?£S}. 

We introduce a metric 6,m on.M by means of <i.A4(Ei, E2) = (A/' 2 Ei,A/' 2 E2). This 
way M becomes a metric space. We want to show that At is a Banach manifold. 

Fix a hypersurface S e M. of class C 3 . Then we define a chart over the Banach 
space Xy, := C 2 (E,R) as follows. E has a tubular neighborhood U a of width a. 
Therefore we take as the chart set, say Bf /3 (0) C Xy, and for a given function 
p € B^ 3 (0), we define the hypersurface by means of the map 

$ s (p){p) =p + p{ P )Mp), peE. 

According to Section 4, this yields a hypersurface of class C 2 , diffcomorphic to 
E. Moreover, with some constant C„ , we have 

dM(r^,E) < \p\buc 2 (?,)■, 

which shows that the map $ s (p) : B^ 2 (0) M is continuous. Conversely, given 
r e M. which is C 2 -close to E, the results in subsection 4.3 show that T can be 
parameterized by a function p € C 2 (E,R), such that \p\buc 2 (z) < a /3- 

We compute the tangent space T^M at some fixed E e M. For this purpose 
we take a differentiable curve T : (—5 ,So) — > *M with T(0) = E. Then accord- 
ing to subsection 4, there is 5 e (0,S ) such that for each t e (— <5, S) we find a 
parametrization p(t) e C 2 (E,R) of T(t). Then in these coordinates we have 

d 

=0 at 

In other words, the tangent space T^M consists of all normal velocity fields V on 
E which are of class C 2 . Moreover, if ip(t,x) is the level function for T(t) from 
subsection 4.2, then 

hence at t = 

= d t tp + {Vxipldtpvx) = d t ip + dtp(vy\vy) = d t tp + V r , 

i.e. we have dtip = —Vr, for the normal velocity Vr of T(t). 

There is one shortcoming with this approach, namely the need to require that 
E e C 3 . This is due to the fact that we are loosing one derivative when forming 
the normal v^. However, since we may approximate a given hypersurface of class 
C 2 by a real analytic one in the second normal bundle, this defect can be avoided 
by only parameterizing over real analytic hypersurfaces which is sufficient. 

5.2. Compact hypersurfaces with uniform ball condition. Let £1 C R™ be 

a bounded domain and consider a closed connected C 2 -hypersurface rcO. This 
hypersurface separates fi into two disjoint open connected sets fii and f^, the 
interior and the exterior of T w.r.t. Q. By means of the level function ipr of T we 
have D, 1 = ip- 1 (-00, 0) and 2 = ^ \ Hi- Then dtl 1 = T and 8Q 2 = dflUT. 

The hypersurface T satisfies the ball condition, i.e. there is a radius r > such 
that for each point pgr there are balls B r (xi) C £1^ such that T C\ B r (xi) = {p}. 



■p(0)eC 2 (E,I) = I E . 
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The set of hypersurfaces of class C 2 contained in £1 satisfying the ball condition 
with radius r > will be denoted by M 2 (Q,r). Note that hypersurfaces in this 
class have uniformly bounded principal curvatures. 

The elements of A4 2 (tt,r) have a tubular neighborhood of width a larger than 
r/2. Therefore the construction of the level function cpr of T from subsection 4.2 
can be carried out with the same a and the same cut-off function \ f° r eacn T € 
A4 2 (£l,r). More precisely, we have 

<Pr{x) = g{d r (x)), xett, 

with 

g(s) = s X (3s/a) + sgn(s)(l - x(3*/a)), s E K; 

note that g is strictly increasing and equals ±1 for ±dr(x) > 2a/3. This induces 
an injective map $ : M 2 (Q,r) — > C 2 (fi) which assigns to T the level function ipr. 
$ is in fact an isomorphism of M 2 (£l, r) onto $(.M 2 (f2, r)) C C 2 (f2). 

This can be seen as follows; let e > be small enough. If \ipr ± — ifr 2 1 2,00 < £ then 
rfri(^) < £ on T 2 and dr 2 {x) < e on Ti, which implies dff(ri,r 2 ) < £. Moreover, 
we also have iV^^ri (x) — ^TaC^)! < £ on T 2 and \V x ipr 2 ( x ) — ^1(^)1 < £ on 
I?! which yields (A/"S 1 , 7VS2 ) < Co £ - Then the hypersurfaces Tj can both be 
parameterized over a C 3 -hypersurface S, and therefore c?//(A/' 2 r 1 , A/" 2 r 2 ) < £ if and 
only if 

I Pi - P2I00 + |Vs(pi - P2)|oo + |V|(pi - p 2 )|oo < Cie. 

This in turn is equivalent to |<pri — ^2^,00 < C 2 e. 

Let s- (n- l)/p > 2; for T e A1 2 (fi,r), we define T e iy p s (0,r) if <^ r G % s (fi). 
In this case the local charts for T can be chosen of class W£ as well. A subset 
A C Wp(fl,r) is said to be (relatively) compact, if C Wp(Q) is (relatively) 

compact. In particular, it follows from Rellich's theorem that W£ (O, r) is a compact 
subset of Wg(Q, r), whenever s — n/p > a — n/q, and s > a. 
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